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ABSTRACT 
Let T be an invertible positive operator on a Banach lattice E such that the number 0 belongs 
to the unbounded connected component of the resolvent set of T, then some power of Tdominates 
a positive multiple of the identity operator ion E, i.e., there exist a positive number a and a positive 
integer k such that Tkra. I. As consequences, some theorems on the peripheral spectrum of such 
operators are deduced. In particular, it is proved that any positive operator with spectrum contain- 
ed in the spectral circle has a cyclic spectrum. Various applications of the main theorem are given. 
INTRODUCTION 
The central problem in the study of positive operators is to study the inter- 
actions between the positivity and other properties of the operators. It began 
with the Perron-Frobenius theory on positive matrices (matrices with non- 
negative entries), which was established around the turn of this century. One 
of the important results in this theory is the fact that the peripheral spectrum 
of a positive matrix A is cyclic in the sense that if I is an eigenvalue such that 
IA1 = r(A) (the spectral radius of A), and if h = 111 e”, then /Al e”” is also an 
eigenvalue of A for any integer n. Now consider a positive operator T on a 
general Banach lattice E. The subset Per a(T) = {A E a(T) : /A 1 = r(T)} , where 
r(T) denotes the spectral radius of T, is called the peripheral spectrum of T (see 
[15]). It is well known that r(T) is always in Per a(T). It has been attempted 
to show that the peripheral spectrum of any positive operator on a Banach lat- 
tice is cyclic. So far this problem is still open in its full generality. But some 
important partial results have been obtained. A result due to E. Scheffold (see 
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1191) concludes that the whole spectrum of a lattice homomorphism is cyclic. 
A broad generalization of this result to the class of d-homomorphisms on 
C(K)-modules was obtained in [l]. Also, if a positive operator satisfies the so- 
called growth condition, then its peripheral spectrum is cyclic. We refer to [15] 
for a proof and some other related information. In this paper we show that if 
a positive operator T with r(T) = 1 satisfies the so-called condition (c), then 
there exists a positive integer k such that o( Tk) fl {z: 1.z = l} = {l}, hence, the 
peripheral spectrum of T is finite. As a consequence, we show that if T is a 
positive operator such that o(T) c r (the unit circle), then either a(T) = r or 
a(T) is finite and cyclic and consists of k-th roots of unity for some k. So a(T) 
is cyclic in this case. 
One of the basic problems in the spectral theory of bounded operators is the 
following: Let T be a bounded operator on a Banach space such that 
a(T) = { 1 }. What additional properties of T would imply that T is the identity 
operator? For example, any of the following conditions will do: (i) T is a 
normal operator on a Hilbert space; (ii) T is an automorphism of a C*-algebra 
(see [2]); (iii) T is an automorphism of a commutative semisimple Banach 
algebra (see [9]); (iv) T is a double power bounded operator on a Banach space 
(see, for example, [lo]); (v) T is a lattice isomorphism on a Banach lattice (see 
[18]). All these results are nontrivial except (i), for which one can easily give 
a proof. Motivated by (v), C.B. Huijsmans and B. de Pagter asked the follow- 
ing more general question: Let T be a positive operator on a Banach lattice E 
such that o(T) = {l}. Is it true that Tr I, the identity operator on E? If the 
answer is positive, then (v) would become a special case since, in this case, both 
T and T-’ are positive and their spectrum consists of the number 1 only. So 
far this question is still open in its full generality. In Section 5 we prove that 
if the negative powers of T satisfy some growth condition, then the answer is 
positive. 
The organization of this paper is as follows. In Section 1 we explain some 
notations and give without proofs some auxiliary results that we need in the 
sequel. The proofs of these results can be found in the indicated references. In 
Section 2 we introduce the positive operators satisfying the so-called condition 
(c) and show that this class of positive operators possess some fine spectral 
properties. In Section 3 we use the techniques developed in Section 2 to in- 
vestigate the spectral properties of certain positive operators. In Section 4 we 
discuss some aspects of the properties of positive isometries and lattice isomor- 
phisms and their relations. In Section 5 we answer the question of Huijsmans 
and de Pagter under some additional assumptions. 
The main results of this paper are taken from the author’s Ph.D. thesis 
written under the guidance of Dr. W.A.J. Luxemburg, to whom the author 
wishes to express his thanks. The author also wants to thank Dr. C.B. 
Huijsmans for valuable discussions. 
1. PRELIMINARIES 
We will through this paper denote by E a complex Banach lattice (see [15] 
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or [22], section 91). E, will denote the positive cone of E. We will use [ 151 as 
a general reference. 
Two elements f, g E E are said to be orthogonal or disjoint (denoted byfl g) 
if IfI A jgl =O. If A is a subset of E, then the orthogonal complement of A is 
given by {A}d= {f~ E :f_~g, Vg EA}. A linear subspace J of E is called an 
ideal of E if f E J, g E E and lgl I 1 f 1 imply that g E J. A subspace B of E is 
called a band if Bdd= B. A band B is always a closed ideal, and when E is 
order complete it is also a complementary subspace of E such that E = B@ Bd 
(see [15]), and in this case, there is a unique band projection P such that B= 
P(E). 
We will denote by L(E) the Banach algebra of all bounded linear operators 
on E. An operator TEL(E) is called regular if it is a difference of two positive 
operators. When E is order complete, the modulus I T I of T exists and is given 
by lTlf:=w{lTgl: Isl~f> f or any Or f E E. The collection of all regular 
operators on E will be denoted by L,(E). L,.(E) is a subalgebra of L(E), which 
is not closed in general under the operator norm. But when E is order complete, 
it is a Banach algebra as well as an order complete Banach lattice under the 
regular norm II T l/r := 11 I T I (I. Th e center of E, denoted by Z(E), is the 
collection of all those operators T in L(E) for which there exists a positive 
constant c such that I Tf 1 I cl f I f or all f E E. It is known that Z(E) is Banach 
lattice under the natural ordering and a closed commutative subalgebra of 
L(E). In fact, the following hold: 
THEOREM 1.1. The center Z(E) is a closed commutative subalgebra of L(E), 
algebraically and order isomorphic to the Banach algebra and Banach lattice 
C(X) for a suitable compact Hausdorff space X. Moreover, Z(E) is a full 
subalgebra of L(E) in the sense that whenever TEZ(E) is invertible in L(E), 
then T-’ E Z(E). Thus the spectrum of TE Z(E) coincides with the spectrum 
of the corresponding function in the Banach algebra C(X). 
A proof of the above theorem can be found in [ 131 or [20]. When the Banach 
lattice E is order complete, Z(E) is exactly the band generated by the identity 
operator Z on E in L,.(E). In this case, the operator norm and the regular norm 
in Z(E) coincide, and /ITII=I/TII,=inf(c>O: ITfl~clfl for all feE}. Let CD 
denote the band projection associated with Z(E) when E is order complete. It 
is obvious that @ is a contraction with respect to the regular norm. It is a recent 
result that @ is also a contraction with respect to the operator norm as the 
following theorem indicates. We refer to [21] for a proof. 
THEOREM 1.2. Let E be an order complete Banach lattice. Then I/ Q(T)11 5 11 T II 
for all TEL,(E), the operator norm closure of L,(E) in L(E). 
2. POSITIVE OPERATORS SATISFYING THE CONDITION (c) 
Let T be a bounded operator on a Banach space. We use o(T), Q(T) and r(T) 
to denote its spectrum, resolvent set and its spectral radius respectively, while 
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e,(r) denotes the unbounded connected component of e(T). We use R(z, T) 
to denote (zl- T)-’ if ~EQ(T). Recall that @ denotes the band projection 
associated with the center of an order complete Banach lattice. We begin with 
the following definition: 
DEFINITION 2.1. A bounded linear invertible operator Ton a Banach space is 
said to satisfy the condition (c) if the number 0 belongs to the unbounded 
connected component of Q(T). 
The class of operators satisfying the condition (c) contains many important 
operators as the following examples show. But first let us recall that a subset 
A of the complex plane is said to be cyclic if IAl eineE A for any integer n 
whenever A E A and A = /A 1 eis. 
EXAMPLES 2.2. Let T be an invertible operator on a Banach space. Then any 
of the following conditions implies that T satisfies the condition (c): (i) o(T) 
is finite (this is always the case if the Banach space is finite dimensional); (ii) 
Q(T) is connected; (iii) There exists O< f3< 271 such that {re”: r> 0} is 
contained in Q(T); (iv) o(T) is cyclic and does not contain any circle with center 
at the origin. For example, when T is a lattice homomorphism on a Banach lat- 
tice o(T) is cyclic (see [15], pp. 325). 
PROPOSITION 2.3. Let T be an order bounded operator on an order complete 
Banach lattice. Let e_,(T) be the unbounded connected component of Q(T). 
Then the following hold: 
(i) (zZ- T))’ belongs to L,(E) for any z E Q, (T); 
(ii) The complex operator-valued function F(z) defined F(z) = @[(zZ- T))‘] 
is analytic in e_(T). 
PROOF. (i) For IzI >r(T), R(z, T)= C,“=, T”/z”+~ and so R(z, T) is in L,(E). 
Let D= {~EQ(T): R(z, T) E L,(E)}. Then D is a closed and open subset 
of Q(T). The fact that D is closed and open in Q(T) follows from the fact 
that L,(E) is a closed subalgebra of L(E) and the following fact: if z. E Q(T) 
and if 1.z <]]R(zo, T)lI-’ then z+z~EQ(T), and moreover R(z+zo,T)= 
C,“=, (-~)~R(zo, T) ‘+ ’ . Therefore eo3 (T) c D. 
(ii) We know that R(z, T) is analytic in Q(T), and hence in Q_,(T). By (i), 
F(z) is well defined for all ZEQ_(T). Since R(z, T) satisfies the Cauchy in- 
tegral formula in em(T), it follows from (i) and Theorem 1.2 that F(z) also 
satisfies the Cauchy integral formula in e,,(T). Therefore, F(z) is analytic in 
e, (0 
To prove the main theorem we need the following preparation. Lemma 2.4 
and 2.5 are also independently interesting. 
LEMMA 2.4. Let T be a positive operator on an order complete Banach lattice 
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E. For each nonnegative integer n, let P,, = @(T”). Then the operator sequence 
(P,,: n 2 O> has the following properties: 
(i) P,=I and P,,. P,,,IP,,+, for ail n,mrO; 
(ii) OrP,<r(T).Z, 
where I is the identity operator on E. 
PROOF. (i) Follows from the fact that @(S,)@(&)< @(Sr S,) for any two 
positive operators St, S2. To see this let S;= Pi+ B; with P, E Z(E) and 
Bj E Z(E)d, where i = 1,2. Then 
S,S2=P,PZ+B,BZ+P,BZ+B,Pz. 
Since P’ B2 and B’P2 are both in Z(E)d (this follows from the fact that the 
absolute value of any operator in Z(E) is dominated by a multiple of the 
identity operator), we have 
Now the result follows. 
(ii) Let T= P’ + B have the same meaning as above. Then 01 P; 5 T”. This 
implies that r(P’) 5 r(T). Since P’ is in Z(E) it follows from Theorem 1.1 that 
01 P’ ore I. Now the result follows. 
LEMMA 2.5. Let T be an invertible order bounded operator on an order 
complete Banach lattice. Assume that T satisfies the condition (c). Let P,, = 
@(T”) for all nonnegative integers n and let F(z) be as in Proposition 2.3 for 
all ZE Q_,(T). Then the following hold: 
(i) F(z) is analytic in em(T) and limZ_ F(z) = 0 and F(z) is not identically 
equal to zero; 
(ii) If we identify Z(E) with C(X) for some compact space X and identify 
P,, as functions on X then limn__ [lPn(x)l]““2r(T-‘)-’ for any XGX. 
PROOF. (i) The first statement follows from Proposition 2.3. For /zI >r(T), 
F(z) = @[R(z, T)] = @(C,“=, Tk/zk+‘) = C,“=, Pk/zk+‘. So we see that 
lim z_ m F(z) = 0 and F(z) is not identically equal to zero. 
(ii) Suppose that there exists a point X~EX such that limn_m [IP,(x~)I]“~< 
r(T-‘)-’ -E for some &>O. Let f(z) = F(z)(xO), where F(z) is regarded as an 
element of C(X). By (i), we see that f (z) is analytic in e,(T), which contains 
{z: IzI <r(T-I)-‘} since T satisfies the condition (c). Now for Iz/ >r(T), 
f(z) = c,“=, P,(x,)/z k+ ‘. By hypothesis this series can be extended to 
{z: /zl>r(T-‘)-I-E}. Th ere f ore, f(z) can be extended to an entire function. 
By (i), f(z) has to be the zero function. This is a contradiction since PO(xO) = 1. 
We are now in position to prove the first main result of this paper. 
THEOREM 2.6. Let T be an invertible positive operator on a Banach lattice E. 
Assume that T satisfies the condition (c). Then there exist a positive number 
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a and a positive integer k such that Tk 2 a. I. More precisely, for any 0 < E < 
r(T-‘)-I there exists a positive integer no such that T”> [r(T-‘)-‘-&I”. Z 
whenever n is a multiple of no. 
PROOF. We may assume that E is order complete. Fix O< c < r(T-‘)-‘. We will 
use the previous notations. It follows from (ii) of Lemma 2.5 that for any point 
XEX there exists a positive integer N, depending on x such that PNX(x)> 
[r(T-‘)-I - ~1~~. Hence there is a neighborhood of x, say U(x), such that this 
inequality holds for all points in this neighborhood. Now {U(x): XE X} is an 
open covering of X. By the compactness of X, there are finitely many points 
Xl,-% ..*, x, in X such that { U(xi): 15 ilm} is still a covering of X. Let 
N,,&, . . . . N, be the corresponding integers. Let no =N, N2...N,. Then for 
any XEX there is a U(Xi) such that XE U(x;) and so P,,,(x)> [r(T-‘)-’ -&IN’. 
It follows from (i) of Lemma 2.4 that 
P,,,(x) 1 [Z?$ (x)1 U”t> [r(T-‘)-’ _ E]“~. 
Therefore, P,,? [r(T-‘)-I - ~1”~. I. If n is a multiple of no then 
P,r(P,,)“‘““~[r(T-l)-l-~]“~Z. 
Notice that P,, = @(T”). So the theorem follows. 
The above result and the method have several important consequences. We 
mention some of them in the following, and other consequences will appear in 
the sequel. The first result that we want to mention is an easy consequence of 
the above theorem. It is one of the important features that positive operators 
possess. 
COROLLARY 2.7. Let T be a lattice isomorphism on an arbitrary Banach lat- 
tice E such that a(T) = {l}. Then T=Z, the identity operator on E. 
PROOF. Since T satisfies the condition (c), it follows from Theorem 2.6 that 
Tk > aa Z for some positive integer k and some positive number a. Notice that 
T-’ LO. So by the above we have 
This implies that T-k E Z(E). By Theorem 1.1 and by the spectral mapping 
theorem we obtain Tek =I. Consequently, Tk=Z. Now (T-Z)(Tk-’ + ... +I)= 
0 and the second factor is invertible by the spectral mapping theorem. Hence, 
T=Z. 
COROLLARY 2.8. Zf T is a lattice isomorphism on a Banach lattice E and if T 
satisfies the condition (c), then there exists a positive integer k such that 
Tk E Z(E). 
PROOF. The proof is similar to the first part of the above proof, where we 
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showed that Tek~ Z(E) for some positive integer k. So Tk~Z(E) since Z(E) 
is a full subalgebra of L(E) by Theorem 1.1. 
REMARK. Corollary 2.7 is due to [18] in which a more general result is 
obtained. We will give a proof of this more general result in the following 
corollary. We put Corollary 2.7 in a separate place because the proof is straight- 
forward and unique. Corollary 2.8 is essentially due to [4], Proposition 5.4. 
Sometimes it is important to know when an operator will belong to the center 
of the Banach lattice. The following result, due to [18], gives an answer to this 
question for lattice homomorphisms. The proof we give here is different from 
the original one. 
COROLLARY 2.9. Let T be a lattice isomorphism on E such that o(T)c(O, az). 
Then TE Z(E). 
PROOF. By the above corollary, Tk~Z(E) for some positive integer k. Now 
consider the complex function f(z) = exp(l/k log z), which is defined and 
analytic in D= {z: larg(z)l < rr}. Notice that a(T) U a(Tk)C D. So there exists 
an operator SE L(E) such that S=f(Tk). In fact, 
S= & S f(z)R(z, Tk) dz 
C 
where C is a simple closed curve in D with the spectrum of Tk contained in its 
interior. Since R(z, Tk) E Z(E) for all ZE C (because Tk E Z(E) and Z(E) is a 
closed full subalgebra of L(E), see Theorem 1.1 of Section l), it follows that 
SE Z(E). On the other hand, since f(zk) = z for all z E G = {z: (arg(z)/ < r/k} 
and since a(Tk) C G, we have S =f(Tk) = T. Therefore, TE Z(E). 
Another important consequence of Theorem 2.6 is the following result on the 
peripheral spectrum of positive operators satisfying the condition (c). First let us 
recall that the subset Per a(T) = {A E a(T) : IAl = r(T)} is called the peripheral 
spectrum of T. 
THEOREM 2.10. Let T be a positive operator on a Banach lattice E. Assume 
that T is invertible and satisfies the condition (c). Then there exists a posi- 
tive integer k such that Per a(Tk)= {[r(T)lk}. So if r(T)= 1 then a(Tk)n 
{z: /zI =1}=(l). 
PROOF. We may assume that r(T)= 1. It follows from Theorem 2.6 that 
Tkra. I for some positive number a and some positive integer k. Let Tk = 
a= I+ B. Then B is a positive operator on E. Notice that r(B)= 1 -a since the 
spectral radius of a positive operator is an element of its spectrum (see [15], 
p. 323) and since r(Tk)= 1. By the spectral mapping theorem, it holds that 
a(Tk)={a+z: zEo(B)} c {a+z: lzl< 1 -a}. 
Hence, o(Tk)fl {z: IzI = l} = { l}. 
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It is well known that the whole spectrum of a lattice homomorphism is cyclic 
(see [19] or [15], p. 325). E. Scheffold showed that any bounded closed cyclic 
subset of the complex plane is the spectrum of some lattice homomorphism (see 
[ 191). The following theorem asserts that if the spectrum of a positive operator 
is contained in its spectral circle then the spectrum of this operator is either the 
whole spectral circle or finite and cyclic. In either case, the spectrum is cyclic. 
THEOREM 2.11. Let T be a positive operator on a Banach lattice such that 
r(T) = 1. Suppose that a(T) is contained in the unit circle IY Then either 
a(T) = r or there exists a positive integer k such that (i) a(T) consists of k-th 
roots of unity and (ii) a(T) is cyclic. 
PROOF. If o(T) is not the whole unit circle, then T satisfies the condition (c). 
By assumption and by Theorem 2.10 there exists a positive integer k such that 
a(Tk) = {l}. By spectral mapping theorem we have a(T) c {z: zk = l}. So z= 1 
is an isolated point of a(T). Now by a result in [12], p. 42 or [1.5], p. 352, 
Exercise 6, we conclude that the peripheral spectrum of T is cyclic. 
REMARK 1. In fact, we can prove the following more general result by using 
the techniques in [12] and in this paper. The result in [12] we just used and the 
above theorem are special cases of this result. For details, refer to [23]. 
THEOREM. Let T be a positive operator on a Banach lattice E. Suppose that 
there exists a sequence {a,} of nonnegative numbers such that 
(i) T” 2 a,, I for all n, where I is the identity operator on E, and 
(ii) limn _ m (an)l’n = r(T). 
Then the peripheral spectrum of T is cyclic. 
REMARK 2. In Theorem 2.11 the spectrum of T is not necessarily equal to 
{z: zk= 1) for some positive integer k. For example, let E= L”(r), where 1 I 
p< 00 and l-is the unit circle equipped with the Lebesgue measure. Define two 
operators T, and T2 on E by Tl f (z) =f (-z) and Tz f (z) = f (p’3iz) for any 
ZE r. Now consider the product space E x E and the operator T= T, x T2. 
Then T6 =I and o(T) = a(T,) U o(T2) = { 1, -1, e2n’3i, e4n’3i}. Moreover, 6 is the 
smallest positive integer k such that o(Tk) = {l}. It is easy to see that some 
6-th root of unity is not in o(T). 
We already see that if T is a positive operator such that its spectrum is proper- 
ly contained in the unit circle then T satisfies the condition (c), and so by 
Theorem 2.6 the projection of some power of T into the center Z(E) dominates 
a positive multiple of the identity operator and thus a nonsingular element in 
the center. We now show that the opposite is also true. 
PROPOSITION 2.12. Let T be a positive operator on an order complete 
Banach lattice E such that o(T) c {z: IzI = l}. Then the following hold: 
118 
(i) a(T) = {z: /zI = l} if and only if @(T”) is a singular element in Z(E) for 
each positive integer n; 
(ii) Zf o(T) = {z: 121 = l} and ifZ(E) = C(X) for some compact space X, then 
there exists a point p0 E X such that @(T”)(pO) = 0 for all positive integers n. 
PROOF. (i) We have already shown that if o(T) is not the whole unit circle 
then the projection of some power of Tinto the center is a nonsingular element. 
It remains to show that if a(T) is the whole circle then each @(T”) is a 
singular element in Z(E). If this were not the case then we could find some 
positive integer n such that @(T”) is nonsingular in Z(E). So by Theorem 1.1 
there exists a positive number a such that @(T”)>a. I. Thus T”r a. I. As in 
the proof of Theorem 2.10 we can show that a(T”) = { 1). This is a contradic- 
tion, since it follows from the assumption and the spectral mapping theorem 
that a(T”) is the whole unit circle. 
(ii) For any positive integer n let X, = {p E X: @(T”!)(p) = 01. By what we 
just proved, X, is nonempty. Moreover, X, is compact and X,, r c X,, for any 
n by Lemma 2.4. So it follows from the compactness of X that there exists a 
point p. E X such that p. E X,, for all n. By Lemma 2.4 again, we see that p. is 
the required point. 
3. SOME CONSEQUENCES 
We begin with the following definition (see also [4]). 
DEFINITION 3 11. Let T be an order ( = regular) operator on an order complete 
Banach lattice E. (i) T has strict period n if T” E Z(E) and 1 T 1 k I Z for all 
k= 1,2, . . . . n - 1; (ii) T is aperiodic if 1 T Ik I Z for all positive integers k. 
THEOREM 3.2. Let T be a positive operator on an order complete Banach 
lattice E. Suppose that T has strict period n for some positive integer n. Then 
for any n-th root of unity a, a(T) = aa( So A E a(T) if and only if IA 1 E a(T) 
and A = IA I a, for some n-th root of unity a. In this case, the whole spectrum 
of T is cyclic. 
PROOF. By assumption, T”EZ(E) and IT Ik/\Z=O for k= 1,2, . . . , n - 1. For 
IzI >r(T), we have 
00 @(Tk) Z T” + T=” 
F(z):=~[R(z,T)I=~C~Z~+~=-+- ~ + . . . 
2 zn+’ z2n+’ 
=Z n- ‘(Z”_ Tn)-l_ 
We know that F(z) is analytic in Q__(T) by Proposition 2.3. Hence 
Znp l(Zn - Z-n)-1 
can be extended to be an analytic function in em(T). So, for any ZE e_,(T), we 
have that (z”- Tn)-’ exists and thus z”~e(T”). Now let zoe a(T). Then 
zz ea(T”) and also (azo)“Ea(T”). Hence, azo is not in e._,(T). 
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Since T is positive and since T” E Z(E) (thus a(T”) consists of nonnegative 
numbers), we have a(T)c {z: z"zO} by the spectral mapping theorem. 
Hence, em(T)=@(T). It follows from the above paragraph that azo is not in 
Q(T), i.e. czzo E o(T). 
We now prove the last part of the theorem. Let A E(T(T) be a nonzero 
element. Then IJ. I= aA for some a with 1 (Y I= 1. Since 1” 2 0 by above, (Y” = 1 
and the conclusion follows by the first part of the theorem. The converse can 
be proved similarly. Finally the fact that a(T) =aa(T) for any n-th root of 
unity a and the fact that o(T)= {z: z”zO} imply that a(T) is cyclic. 
REMARK. Theorem 3.2 was proved in [4] for quasi-invertible disjointness 
preserving operators. 
THEOREM 3.3. Let T be an aperiodic operator on E. Suppose that o(T) c 
{z: Izl =r(T)}. Th en a(T)= {z: IzI =r(T)}. 
PROOF. We use the same notations as before. Since T is aperiodic, we have 
F(z) =1/z for all zrzem(T). We know that F(z) is analytic in em(T), and so 0 
is not in Q_(T). From this, we conclude that a(T) = {z: 1zI =r(T)}. 
EXAMPLE 3.4. Let E= L,(R) with 1 <p< 03. Let h(x) be any bounded 
measurable function on R such that Ih( = 1 for all XE R. Define an operator 
Ton E by Tf(x) = h(x)f(x+ 1) for all XE R. It is easy to see that T is an order 
bounded operator and that I T In I I for all positive integer n. Also it is easy to 
show that T is double power bounded, from which we conclude that a(T) c 
{z: IzI = l}. Now it follows from the above result that a(T)= {z: IzI = l}. 
THEOREM 3.5. Let T be a positive operator on an order complete Banach 
lattice E. If T has strict period n for some positive integer n, then so(T) = 
a(T), i.e., the regular spectrum of T is equal to its spectrum. 
PROOF. Since T” E Z(E), we have 
ao( T”) = o(T”)c [0, m). 
Let A,E(T~(T). Then by the spectral mapping theorem l$~o~(T”)=o(T~). 
Hence there exists I E a(T) such that ,%{ = I”. Let A = al A / for some a such that 
on= 1. By Theorem 3.2, 121 E(T(T). Now 1,=/l \,I for some p such that 
/I” = 1. By Theorem 3.2 again we obtain A0 E a(T). Therefore, no(T) C a(T). 
Since a(T) coo(T) is always true, we have shown that so(T) = o(T). 
THEOREM 3.6. Let E be an order complete Banach lattice and let T be a 
positive operator on E. If T’I Tj for any nonnegative integers i+ j, then 
{z: IzI =r(T)} c so(T). 
PROOF. Without loss of generality we may assume that r(T) = 1. Let R(z, 23 = 
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R(z). For Iz/ > 1, we have 
where the series converges 
obtain 
Tk 
= i ~ =R(lzl). 
k=O IZlk+l 




in the regular norm of L’(E). By assumption, we 
This implies that z0 is a singular point of R(z) since R(z) is analytic in the 
topology induced by the regular norm. Thus zO~ao(T). 
COROLLARY 3.7. Let X be an extremely disconnected compact space and Iet 
E = C(X). Suppose that T is a positive operator on E such that T’ I T' for any 
nonnegative integers i+ j. Then the peripheral spectrum of T is the whole 
spectral circle, i.e., {z: 1~1 =r(T)} c o(T). 
PROOF. Since a linear operator on C(X) is bounded if and only if it is order 
bounded, we have L,.(E) =L(E) and the regular norm is equal to the usual 
operator norm (see [15], p. 232). So o,(T) = a(T) and the result follows from 
the above theorem. 
REMARK. The condition of disjointness of different powers of an operator 
was considered in [l], and also, much earlier, in [ll]. 
4. POSITIVE ISOMETRIES AND LATTICE ISOMORPHISMS 
We begin with the finite dimensional case. Recall that if E is an n- 
dimensional complex Banach lattice then E is topologically and order isomor- 
phic to C”. Hence any operator on E can be represented as an n x n matrix. 
Moreover, positive operators on E correspond to matrices with nonnegative 
entries. The following theorem is originally due to F. Beukers (by com- 
munication with C.B. Huijsmans). We will generalize this result later in 
Section 5. 
THEOREM 4.1. If T is a positive operator on a finite dimensional Banach 
lattice such that a(T) = {l}, then T? I. 
PROOF. Let dim(E) = n. Then T can be represented as an n x n matrix with 
nonnegative entries. Let A = T-Z. Then A 2 -I. Now let A be represented as 
an n X n matrix (aij), xn. Then a,.,?0 for i#j and aiir-1. 
Consider A’. Since +I*) = {0}, the trace of A2 is zero. But the trace of A2 
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is the sum of its diagonal elements, all of which are nonnegative. In fact, the 
i-th diagonal element of A2 is Ci=, Uikaki and each aikaki is nonnegative. 
Therefore, all the diagonal elements of A2 are zero. In particular, we obtain 
aii= 0. Hence all the entries of A are nonnegative and so T-ILO. The proof 
is completed. 
COROLLARY 4.2. Let T be a positive operator on a finite dimensional Banuch 
lattice such that a(T) c {z: /zI = l}. Then there exists a positive integer k such 
that TkzI. 
PROOF. Since T satisfies the condition (c), it follows from Theorem 2.6 that 
Tkza. Z for some positive integer k and some positive number a. Let Tk = 
a= I+ B. Since B is a positive operator, its spectral radius is an element of its 
spectrum. So we have r(B)< 1 -a. Hence a(Tk)C {a+~: IzI I 1 -a}. On the 
other hand a(Tk)C{z: I.zI = l} by the spectral mapping theorem. So 
o(Tk) = {l}. Now the result follows from the above theorem. 
REMARK. In the above proof we did not use the fact that a(T) is cyclic. From 
this fact we can conclude that there is some positive integer k such that 
a(Tk) = {l}, and then the result follows from Theorem 4.1. For cyclic proper- 
ties of the spectrum of positive operators on finite dimensional Banach lattices, 
we refer to chapter 1 of [ 151. The following theorem was proved for finite 
dimensional LP-spaces in [ 171. 
THEOREM 4.3. Let T be a positive contraction on a finite dimensional Banach 
lattice such that a(T)c {z: Izi = l}. Then T is an isometry. 
PROOF. From Corollary 4.2 we see that there is a positive integer k such that 
TkrZ. Let Tk =Z+A. Then A is a positive operator. By assumption Tk is a 
contraction and hence Ij(Z+A)“II I 1 for all nonnegative integers n. Notice that 
0 5 n. A I (I+ A)“, from which we conclude that A = 0. Therefore, Tk = Z and 
so TP’= TkP’. So T-’ is also a contraction. Hence T is an isometry. 
COROLLARY 4.4. Zf T is a positive contraction on a finite dimensional 
Banach lattice such that a(T) = { l> then T= I. 
In general Theorem 4.3 is not true for positive operators on infinite dimen- 
sional Banach lattices even though the operators are lattice homomorphism. 
We will give a counterexample to illustrate this. But if T is a lattice homomor- 
phism and a contraction at the same time, and if its spectrum is not the whole 
unit circle, then it is easy to show that T is an isometry. We put this result into 
the following proposition. 
PROPOSITION 4.5. Let T be a lattice homomorphism on an arbitrary Banach 
lattice. Zf T is a contraction and if a(T) is properly contained in the unit circle 
then T is an isometry. 
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PROOF. By assumption we see that T satisfies the condition (c), so it follows 
from Corollary 2.8 that Tk EZ(E) for some positive integer k. So the 
spectrum of Tk consists of positive numbers. By the spectral mapping theorem 
a(Tk) is still contained in the unit circle, and so a(Tk) = {l}. Now it follows 
from Theorem 1.1 that Tk =Z and so T-l = Tk- ‘, from which we conclude 
that T-’ is also a contraction. Therefore, T is an isometry. 
EXAMPLE 4.6. Choose a continuous function g: [O, l] + [O, I] as follows 
1 if Olxl l/5 or 4/55x< I, 
g(x) = l/2 if 2/5 1x5 3/S, 
linear otherwise. 
Define a function h: R + [0, l] by 
t-1 if --03<xIO, 
h(x) = 
i 
g(x) if 05x5 1, 
g(x-k2) if k2sxlk2+ 1 (k= 1,2,...), 
1 otherwise. 
We now define T: L,(R) -+ L,(R), where 1 zsp I 03, by 
Tf(x) = h(x)f(x + 1) for all x E R. 
We prove that (1) T is a contraction but not an isometry; (2) T is a lattice 
isomorphism such that a(T) c {z: 1.z = l}. From the way we define h, (1) and 
the first part of (2) are obvious. To prove that the spectrum of T is contained 
in the unit circle we need to prove that r(T-‘)I 1. First observe that 
T-“f(x)=h-‘(x-l)h-‘(x-2)...h-‘(x-n)f(x-n). 
So IjT-‘Il~sup~~~ Ih-‘(x)h~‘(x+l)~~~h~‘(x+n-1)l. For anyxER, thepoints 
x,x+ 1 , . . . ,x + n - 1 are contained in the interval [x,x+ n - l] of length n - 1. 
In [x,x + n - 11 there are at most [fi] + 2 subintervals of the form [i, i + l] (i is 
a nonnegative integer) on which the function h is not constant. Therefore, 
/IT~“l/<2fi”l . [ +2 This implies that r(T-‘)I 1. We have finished the proof. 
Hence, we give a negative answer to a question proposed by H.H. Schaefer in 
[7] (p. 75). From Proposition 4.5 one can see that the spectrum of these opera- 
tors must be the whole unit circle. 
Now we ask such a question: Let T be a positive contraction on a Banach 
lattice E such that its spectrum is properly contained in the unit circle 
{z: IzI = 1). Is it true that T is an isometry on E? Theorem 4.3 shows that the 
answer is positive if the Banach lattice is finite dimensional. In general, we 
obtain from Theorem 2.10 that a(Tk) = (1) for some positive integer k. If we 
can show that o(Tk) = {l} implies Tk2 I, then it is easy to see that Tk=Z, 
from which we can conclude that 11 T-‘II 5 1, and so T is an isometry. We will 
give further discussions on this question in next section. 
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5. ON CONDITIONS UNDER WHICH TzI 
Corollary 2.7 shows that if T is a lattice homomorphism on a Banach lattice 
such that a(T) = {l}, then T is the identity operator. C.B. Huijsmans and Ben 
de Pagter proposed the following question: Let T be a positive operator on a 
Banach lattice E such that a(T) = { l}. Is it true that TZ I, where I is the identity 
operator on E? So far this question is still open in its full generality. Unless 
otherwise stated, the Banach lattices in this section are arbitrary (complex) 
Banach lattices, which may be assumed to be order complete by considering the 
dual space. We first prove the main result of this section. 
THEOREM 5.1. Let T be a positive operator on an arbitrary Banach lattice E 
such that o(T) = { 1). If there exist 0~ a< l/2 and a constant c such that 
11 T-” (1 = O(exp(c#)) as n + +a~ 
then TrI. 
PROOF. We may assume that E is order complete. By assumption there exists 
a bounded linear operator A EL’(E) such that T” =exp(nA) for any integer n. 
In fact, we can take 
(T-I)” 
A=log(T)= ; (-l)n+l-- 
n=l n * 
Now consider the operator valued function f(z) which is given by 
f(z) = @(exp(zA)) for all z E C. 
By Theorem 1.2, we conclude that f (z) is an entire function. Since A is a quasi- 
nilpotent operator, we see that f(z) is an entire function of zero exponential 
type (see [6] for definitions). 
If n is any positive integer, then I( f(n)11 = II@(T”)II 5 1 by Lemma 2.4. So by 
Cartwright’s theorem (see [6], p. 180) there exists a constant M, such that 
I/f(x)11 IM, for any real numbers x20. If x<O and if x= -n+ t, where n is a 
positive integer and 01 t 5 1, then it follows from Theorem 1.2 that 
IlfW = ll@G-” ew(tA))II 5 IIT . llewU~)II 
IIbf3M3 exp(cn”)5M2M3 exp(c) exp(c Ixla), 
where MZ = suporr5, liexp(tA)Il and M3 is given by the condition in the theorem. 
Therefore, there exists a constant M such that 
11 f (x)11 (Mexp(c 1x1”) for all real numbers x. 
Now by theorem 6.6.9 in [6], p. 97 there exist constants K and b such that 
Ilf(z)II I K exp(b 1~1~) for all complex numbers z. 
Next we consider the entire function g(z) = f (z2). It is easy to see that for any 
E>O there exists a constant L depending on E such that 
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IIgCz)II lKexp@ lz12”)~L em@ 14) 
since 2a< 1 by assumption. Moreover IIg(*n)/I = llf(n2)ll = I]@(Tn2)II 1. So it 
follows from a well-known theorem in the theory of entire functions (see [6], 
p. 183) that g(z) is a constant function, and so f(z) is a constant function. In 
particular, we have f(0) =f(l), i.e., G(T) =I. Therefore, TrZ. The proof is 
completed. 
COROLLARY 5.2. Let T be a positive operator on a Banach lattice such that 
a(T) = (11. Zf there exists a positive number k such that 
ll@(TP”)Il =O(nk) as n++w, 
then TIZ. Conversely, if Tr I, then @(T”) = Z for any integer n. 
PROOF. The proof is similar as above. Using the same notations, we consider 
the entire function f(z) given by above. Then by assumption we have 
llf (-tn)ll = II@V’“)lI = Wk). 
Now it follows from theorem 10.2.11 in [6], p. 183 that f(z) is a polynomial of 
degree not exceeding [k] + 1. Observe that Ilf(n)ll = II@(T”)ll5 1 for any posi- 
tive integer n. So f(z) must be a constant function. In particular we obtain 
@(T)=Z. So T>Z. 
Conversely, if T> I, then T= I+ A for some positive quasi-nilpotent operator 
A. Since any positive quasi-nilpotent operator belongs to Z(E)d by Lemma 
2.4, we see that @(T”)=Z for any positive integer n. Now T-‘=I+ 
C,“=, (-l)kAk and C,“=, Ak is a positive quasi-nilpotent operator, so 
@(T-“) = Z for any positive integer n. The proof is finished. 
REMARK 1. It follows from Theorem 1.2 that the condition in Corollary 5.2 
will be satisfied if II TP” II = O(nk) or if T is a lattice homomorphism such that 
a(T) = {l}. Moreover, if 1 is a pole of the resolvent of T, then it is well known 
that I/T’“II =O(nk) f or some positive integer k. Hence, we obtain the following 
by Theorem 5.1: 
THEOREM 5.3. Let T be a positive operator such that a(T) = { 1). Zf 1 is a 
pole of the resolvent of T, then TIZ. 
REMARK 2. Theorem 4.1 is a special case of Theorem 5.3. The invariant 
subspace problem for the operators on Banach spaces that satisfy the growth 
condition in Theorem 5.1 has been investigated in [5]. Some of the ideas used 
in the proofs of the above results are borrowed from this paper. 
THEOREM 5.4. Let T be a positive contraction on a Banach lattice E such that 
o(T) C {z : IzI = 1 } properly. Zf T satisfies the condition in Theorem 5.1 or in 
Corollary 5.2, then T is an isometry on E. In particular, if o(T) = {l}, then T 
is the identity operator on E. 
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PROOF. It follows from Theorem 2.10 that o(TN)= {l} for some positive 
integer N. Now notice that TN also satisfies the growth condition in Theorem 
5.1 or in Corollary 5.2. So by Theorem 5.1 or Corollary 5.2, we have TN? I. 
Now let TN =I+ A. Then A is a positive operator on E. Since T is a con- 
traction, we have IInA(I II(Z+A)"(I I 1 for any positive integer n. So A =0 and 
TN=Z. Thus T-'=TNml, from which we see that jlTplllsl. So T is an 
isometry. Finally, if a(T) = { 1)) then the above proof shows that T= Z. 
REMARK 3. Some other related results on the question whether TzI can be 
found in [23]. 
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